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Muon pair production with hadronic vacuum polarization re-evaluated using new
precise data
V. Sˇauli1
1Department of Theoretical Physics, Institute of Nuclear Physics Rez near Prague, CAS, Czech Republic
The interference effect between leptonic radiative corrections and hadronic polarization functions
is calculated via optical theorem for µ−pair productions. Fine selected new data for the production
cross section σh(e
+e− → hadrons) are used for calculation of hadronic vacuum polarization, which
enter the dressed photon propagator in muon pair production. The result is compared with KLOE
experiment for µ−µ+ production at φ meson energy, as well as the running fine structure coupling
is compared with recent KLOE2 experiment for radiative return µ−µ+ production at ω/ρ meson
energy.
PACS numbers: 11.55.Fv, 13.66.Jn,13.66.De,13.66.Bc,14.40.Be
I. INTRODUCTION
Comparisons between theory and experiment are used to test Standard Theory for decades. For an accurate
measurement the studies require consistent account of leptonic as well as hadronic virtual corrections. The hadronic
contribution to photon vacuum polarization function plays particularly important role, since it is the main source
of uncertainties in theoretical calculation of muon anomalous magnetic moment aµ. The last precise measurement
of aµ, together with the last decades data for electrohadron production, leads to an evidence of tension between
Standard Theory and experiments [1, 2]. Similar confrontation of the theoretical technique with the experimental
accuracy is offered by long time known [3, 4] interference effect between leptonic and hadronic vacuum polarization
functions at energies of narrow resonances: ω and φ and heavier quarkonia J/ψ,Ψ and Υ’s. There, the total cross
section σh is enhanced several orders of magnitude when compared to other region of energy. In practice, the effect
is explored in the so called B-factories like BABAR, BELLE or BESS or more earlier in Frascati where detectors
and accelerator are tuned for Υ or φ meson energy. Such enhancement leaves off prints in the vacuum polarization
and the effect turns to be a measurable fluctuation in the QED running coupling. This effect is presented in the
all electromagnetic processes, being most easily observed in a single Mandelstam variable s-dependent process, e.g.
the muon pair production. Thus the most recent precise measurements of muon production e+e− → µ+µ− by SND,
CMD-2,3 and the KLOE(2) detectors represent another possible stringent test of the Standard Theory. In this case,
it is not a comparison of two numbers provided by the theory and experiments, but one is also dealing with a shape
of energy dependent functions.
With incomes of many new precise data for the cross section σh we reanalyzed the calculation for [5] within the
use of these new data. Further, having extracted hadron polarization function, we provide independent comparison
of theory and recent KLOE2 [6] measurement of the fine structure coupling constant. Both experiments stays in
agreement with theory with new data incorporated, anticipate only that if one evaluates χ2 with the KLOE2004
standard statistical deviation, one gets 5σstat discrepancy between the theory and experiment.
II. σµµ FOR KLOE 2004
The theory and the comparison between calculated cross section σµµ = σ(e
+e− → µ+µ−) and the high precision
measurement obtained by KLOE detector [5] is presented in this section.
The integrated cross section, for which we adopt approximation and conventions given by [7], can be written in the
following way
σ(s) =
4πCt
|1−Π(s)|2
[
σA(s)
(
2− β2µ(1−
C2t
3
)
)
+ σB(s)
]
, (2.1)
where Ct stand for cos(θmin) with θmin = 50
0 (θmax = 140
o), which is KLOE experimental cut on polar scattering
angle between µ− and e− particles and βµ =
√
1− 4m2µ/s. The function σA(s) is defined such that it has an angular
dependence identical to the Born cross section. The rest is unique and explicitly reads
σB(s) = − α
3
4πs
(1 − β2µ) ln
1 + βµ
1− βµ . (2.2)
2Thus the main term σA(s), listed completely in [7], collects all leading logs of Dirac and Pauli form factors and the
known soft photon contributions for which we take ln∆ǫǫ = 0.05 (15 MeV cut on c.m.s. soft photon energy at φ peak).
Let us mention that the the both σA as well as σB are slowly changing real valued functions and do not play an
important role in the observed interference effect. Rather, they define the norm of the integrated cross section.
The integral cross section formula is proportional to the square of the fine structure constant α(s), which reads
α(s) =
α
1−Π(s) , (2.3)
with α = α(0) = 1/137.0359991390 and where the polarization function Π(s) = Πl(s) + Πh(s) is completed from the
leptonic l and the hadronic h part.
Purely QED contributions are well known from perturbation theory. Since, there are some mistakes in the formula
in Ref. [7], I present leptonic contribution into the vacuum polarization function here:
Πl(s) =
α
π
Π1(s) +
(α
π
)2
Π2e(s) , (2.4)
where one loop contribution is
Π1(s) = Πe(s) + Πµ(s) + Πτ (s) ;
Πf (s) = −5/9− xf/3 + f(xf ) ; f = e, µ, τ ;
f(xf ) =
βf
6
(2 + xf )
(
ln
1 + βf
1− βf − iπ
)
Θ(1− xf )
+
βf
3
(2 + xf )arctg
(
1
βf
)
Θ(xf − 1) , (2.5)
where βf =
√|1− xf | and xf = 4m2f/s. Also the leading logarithmic term:
Π2e(s) =
1
4
ln(
s
m2e
− iπ) + ζ(3)− 5/24 , (2.6)
which stems from the second order is taken into account (for heavy quarks and large q2 one can employ perturbation
theory as well, remind only the usual extra factor α→ αNce2q in the appropriate one loop expression).
Hadronic part of the polarization function Πh is not directly calculable from the equations of motions, but is
obtained through the knowledge of many other experimental measurements of the hadronic exclusive (hex) processes
σhex, which constitute σh
σh =
∑
hex
= σhex , (2.7)
note for clarity the photons emitted from the final hadronic sates should be included as well (in opposite to the initial
ones which should be subtracted). In fact, the evaluation of Πh relies on numerical evaluation of the following singular
integral equation [8, 9]:
Πh(s) =
s
4π2α
∫ ∞
m2pi
dω
σh(ω)
[
α
α(ω)
]2
ω − s+ iǫ . (2.8)
Unlike to the calculation of ahadµ , where the integral kernel is regular ( for the method of clusters see [10, 11]),
a straight use of experimental data would lead to a large numerical noise and lost of required accuracy. Actually
the data are not only dilute for this purpose, but often with asymmetric grid and the presence of Principal value
integration would cause not only the error was large but also hard to estimate.
Thus instead of the direct use of experimental data, the fit of data, together with the inflated error fitted as well,
is preferably made for each combinations of measured σhex. In this way the numerical (systematical) error will be
minimized and simultaneously the propagation error due to the σh will be well controlled. Of course, technically
demanding and nontrivial task is to find such fits, which we describe in separate Section IV, after the presentation of
the main results.
The main idea is very easy and uses the fine selection method of the data, which is based on the following simple
criterion:
σ2syst + σ
2
stat < ǫ
2
hex , (2.9)
3where on the left side there is sum of statistical and systematical error for each exclusive data set and on the right
side a suited choice of error function evaluated at energies of data points (albeit the rhs. of (2.9) is nothing else but
upper estimate of the total error σtot, the letter ǫ is rather used in order to avoid notation cluttering). Only the
data satisfying the inequality (2.9) are used to establish a given fit, wherein the experimental errors are replaced the
inflated error function (IEF) ǫhex.
In order to evaluate Πh, the main hex channels: ππ, K
+K−, KLKS and πππ as well as ηγ and πγ have been
included. Final states with higher multiplicity were neglected, noting their total contribution seems to be smaller
then the one from ηγ channel for φ meson region or then the one stemming from πγ channel for ω/ρ-meson region.
The effect of well established vector charmonia and bottomonia has been included into σh through the use of their
BW forms with PDG experimentally determined values.
Obviously, when making a fit, all data points not satisfying the rule (2.9) are forbidden to make the fit, however
not all the data satisfying (2.9) should be necessarily use. Data, which exhibit large incompatibility with the others
can be ignored and not used. Actually, independently on the details of the form for IEF, the condition (2.9) does
not automatically ensure the existence of a good global fit satisfying χ2 ≃ 1 for combined data set . Impossibility
of minimizing χ2 such that χ2 < 1 (note the inequality, since we are using our upper estimate, i.e. IEF ) indicates
the badness, or rather say the incompatibility of the data. In this case, in order to get reliable error for the function
Πh , we are either force to inflate further the IEF (by changing the prescription for ǫhex) or discard the problematic
data set from the fine selection (in case one does not want to over-inflate the error function). Recall here, this is the
original underestimation of the experimental error of part of the data, which is seen a posterior and which leads to the
aforementioned incompatibility. The error functions, the data which are used or which are cut, are explicitly listed in
the Section IV.
The result is shown in the Fig. 1, where the previous analyze [12] is compared with the new one. The later includes
in addition the data from KLOE, BESS-III for ππ and BABAR for KK channel, which have small effect to the final
curve. However, more importantly, it newly includes ηγ and πγ channels of σh, which have been neglected in the
previous analyses of φ- meson study. The bands between ±ǫ reflects the propagation of inflated error ǫh into the
muon pair cross section as obtained in previous study [12]. The new error band is even more tight and not shown
for the new analyze. The KLOE data points are represented by triangles, noting the statistical deviations roughly
correspond with the size of the triangle.
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FIG. 1: Muon pair cross section, comparison between theory and experiment as described in text. ”Th” stands for the lines
with older data used as described in the text, while ”Th +ηγ, piγ” label the line for which all new data were used.
To conclude this Section, the observed φ-meson effect in µµ spectrum is roughly reproduced by the Standard Theory
dispersion relation. Remind that the detector measurement provided three points with very small statistical error
(σstat = 0.1nb), unhappily the total error was governed by systematical error due to the luminosity and detection
uncertainties (δsyst = 1.2%). Due to this, a small observed difference (≃ 1.7σtot) from SM prediction does not
represent large tension between theory and experiment.
4III. αQED AT KLOE2
The self-consistent Eq. (2.8) provides the solution for the similar effect in the ω energy region. However due
to background and the detector efficiency it was directly the electromagnetic coupling which has been measured
by radiative return method very recently by KLOE2 collaboration [6]. In this case the experiment is in complete
agreement with the Theory, noting the relative error(δstat ≃ 1%) is much larger in the ρ/ω region. The comparison
with KLOE2 experiment and the way the ρ/ω peak is pronounced in the QED running coupling is shown in Fig.
2. The solid line stands for our calculation, pluses are central values determined by the experiment. In order to see
the portion of 3π and πγ contributions we also show the results with these channels subtracted from σh. Quite rich
structure obtained from theory appears at relatively large scale of energy and offer very challenging comparison of the
Standard Theory and new generations experiments. Just for interest, note here, that it would be a small 3nb sized
structure in σµµ cross section if a detector with KLOE acceptance were operating in ρ meson energy.
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FIG. 2: Square of fine structure constant. To see the portion of 3pi and pi, γ contributions we also show the results with these
channels subtracted from σh.
IV. EXTRACTION OF Πh FROM σh
The error function ǫhex can be in principle arbitrary, however the choice which does not reduce n.d.f. crudely and
simultaneously is simple enough is preferred. For this purpose we have used the following IEF
ǫhex(s) = cl
√
σhex(s) , ǫhex(s) = csσhex(s) (4.1)
where the left Eq. in (4.1) is used for σhex(s) larger the 1nb, while the right one is used for small exclusive cross
section, such that σhex(s) < 1nb. Actually, the square root rule represents amazing fit of the statistical error for
all dominant cross sections here, while the linear rule is as well for the domain where the experiments relax with
the precision. Recall , it happens for larger s where one is far from the peaks and the cross section becomes tiny:
approximately 1000 times smaller then on the resonance. It is enough to take constant parameters cl,s, noting that
values cl = 0.8nb
1/2, cs = 1/3 in Eq. (4.1) were used in almost all hadronic channels (with 3π exception). While
recall here, that larger coefficients cl = 1nb
1/2, cs = 1 were used in the previous analyses [12] and they were common
for all hadronic channels. Very independently on the specific exclusive cross section , the choice (4.1) with mentioned
numbers, fully accepts the last experiments, eg. CMD-3, BESS-III, KLOE, also most CMD-2 measurements as well as
almost all BaBaR data passes, it partially cuts some data from SND, CMD-2, while in practice we can freely discard
the data from old experiments (CMD,DM,NA7,OLYA,TOF) completely.
The requirement χ2 ≃ 1 must be achieved to have a large probability P ≃ 1 that the fit describe the data. Finding
such fits is not always cheap procedure, especially when one is facing the group of measurements with simultaneously
incompatible data. To prior 2017 there are already many sets of data available and considerable time was spent by
examination of all data sets and an independent decision about whether or not to exclude each data set was made.
Recall that there are basically two methods to determine hadronic cross section σhex, the first scan energy intervals
5and measure the hadronic cross section more or less directly. The second one uses radiative return, being also named
Initial State Radiation (ISR) method, wherein the n-body hadronic cross section is extracted from n + 1-body final
hadron and photon state cross section. The advantage of the later is minimized background and the access to a large
range of s. On the other side the ISR method is quite indirect and has typically much larger systematical error due to
cross section reconstruction. Not surprisingly, combined experimental data do not necessary lead to a better statistics
and when new data are added into the set the resulting χ2 can dramatically increase, which calls for a further inflation
of the error.
Obviously, the estimate of systematical errors is a state of art of experiments and the data which has some unex-
plained systematic error will always appear in newly designed experiments. A simple combination of incompatible
data with the rest requires inflation of the IEF. With over-inflated IEF we would loose the information due to the
ignorance of precision that remaining data set have. To make a decision which data should be used or excluded from
the game due to the an incompatibility can not be random and must be clearly specified. In order to deal with
incompatible data, we adopt the second selection rule for this purpose: The data from independent experiment, which
satisfies the following inequality
χ2(with) − χ2(without) < 0.5 (4.2)
are included, while the data not satisfying the criterion (4.2) are excluded. The both functions χ2(without) and
χ2(with) are evaluated with one common IEF which ideally satisfies χ2(without) ≃ 1. The function χ2(with) in (4.1)
is normalized χ2 function evaluated with the full set of combined experimental data, while the function χ2(without)
is normalized χ2 calculated by using the set where the data under the check were subtracted. Recall here, the first
selection rule (4.1) represents criterion which is based on the information obtained with trust solely from experimental
group measurements. The second rule uses statistic to exclude data with excess of systematical errors, which has
not been determined when the data were published for the first time. We also assume the systematics are common
for a large part of data sets and we do not make point by point analyses, but exclude large suspicious data set by
using a cut. For point by point 3σ selection rule of data see for instance the phase shift analyses of NN scattering
([13]) (see also error treatment in the paper ([14])), where 393 of independent experiments had been checked. In our
case a similar error analyses has never been applied since till now σh calculations are still dealing reasonably small
set of experiments. Therefore a simplified criterion based on the rule (4.2), which exclude at most one of considered
and elsewhere accepted measurements, is used here. We expect a sophisticated statistical method (not necessarily
identical to [13]) which excludes the data which would cause a large global χ2 will be a conventional rule in a future.
At the first look an explicit computer check of the rule (4.2) applied to many combined experiments becomes a
disaster. Happily, in practice it is not the case, an explicit check is not necessary since most of the data are obviously
mutually compatible. Recall, that all data with mean values mutually overlapped by standard deviations are accepted,
thus a simple comparison by visual observation is efficient tool to check the rule (4.2). The others should be check
and only after the data are accepted, the IEF is further inflated to achieve χ2 ≃ 1 again. Let us also mention for
completeness, that the inequality (4.2) does not uniquely rule which part of incompatible data should be erased,
however the limiting of amount of excluded data is preferred. The indication that the cut of incompatible data was
unnecessarily large is to small χ2. Compromise between minimizing IEF and optimizing of selected data is always
matter of human effort. More concretely, due to the observed large incompatibility, parts of low energy BaBaR data
are cut in cases of ππ, 3π as well as charged KK channels, the rest of the data is untouched by the rule (4.2) and
used to get fits.
Thanks to a number of accurate and compatible measurements, well established interpolating fits for all necessary
exclusive channels have been found during last years. An arbitrarily large number of generated quasidata points makes
systematic error from principal value integration in (2.8) immaterial and the error of Theory for σµµ is almost solely
due to the propagation of ”inflated” error ǫh. More explicitly, the systematic error due to the integration procedure
has been minimized with the relative precision smaller then 0.005/40 for the muon production cross section (compare
to the experimental error [5]). To achieve this the zero value integral is subtracted off principal value integral 2.8.
This so called Hollinde trick makes the singular kernel more smooth and was successfully used when solving singular
integral equations,e.g. Lippmann-Schwinger equation or Schwinger-Dyson equation in Minkowski space (see Eq. (C.2)
in the paper [19]). For a precise iterative solution of integral equation (2.8) a relatively large number of integration
points (3 ∗ 104) with a fixed equidistant grid was needed. Above a certain large scale (≃ 32− 92GeV 2) the integrator
is replaced by the Gaussian one.
Recall for completeness, the experimental groups around the world (including [6]) necessarily exploit a various
existing calculations of Πh [15–18]. The absence of the error makes impossible to use them and presented calculation
of Πh relies completely on the method presented here.
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FIG. 3: Measured σpipi and the fit, global view.
In order to get fit of the e+e− → ππ cross section we use the data collected by CMD2 [21], SND [22] detectors as
well as the ISR method extracted data by BaBaR [23], KLOE [20] and BESS-III [24] collaborations with Nd.o.f. = 266.
Due to the aforementioned reasoning we use BaBaR data only above 1 GeV, noting the direct energy scan and ISR
BESS-III and KLOE data are more precise and mutually compatible at ρ meson peak. For similar effect of inclusion
of incompatible BaBaR data see the paper [25] where worsening from χ2 ≃ 1.2 to χ2 ≃ 1.8 was observed (note, albeit
their analytic fit is different, the effect is very the same).
The pion electromagnetic form factor Fπ is conventionally defined through measured hadronic cross section
σππ =
α2πβ3
3s
F 2π , (4.3)
i.e. with the vacuum polarization included in. Following the tradition [23], the fit is provided for the pion form factor
here.
The heart of the fitting function for the pion charged form factor is the vector dominance model (VMD), especially
Gounaris-Sakurai model [26]. With recently covered energy range the phenomenological fit includes five vector mesons,
two well known vector resonances ρ, ω supplied with wide resonances ρ
′
, ρ
′′
, ρ′′′ spread between one and three GeV.
The function which is actually used for the fit reads
Fπ(s) =
WGSρ (s,mρ,Γρ)Dρ(s)1+cωWω(s,mω)1+cω +
∑
i cρiWGSρi (s,mρi ,Γρi)
1 + cρ′ + cρ′′ + cρ′′′
. (4.4)
The one loop Breight-Wigner (BW) resonance functions W , which consist the amplitude in (4.4), were taken with
complex prefactors: cV = |cV |eiφV . In addition we have found advantageous to deform ρ/ω peak by the introduction
of auxiliary function Dρ, which was chosen such that Dρ = 1 above ρ meson mass and
Dρ(s) = x+ (1 − x)
[
1− 4m2π/s
1− 4m2π/m2ρ
]1/2
, (4.5)
bellow the value s = m2ρ. The parameter x was fitted providing the value x = 0.37202.
Remaining parameters entering the fit (4.4), with resulting χ2 = 0.92, are listed in the Tab. I. For purpose of
completeness we provide all ingredients here. BW function for the narrow ω mesons is taken in the form:
Wω = m
2
ω
m2ω − s− imωΓω
, (4.6)
7name mass/MeV width/MeV φ/rad |c|
ρ 774.923 150.42 – –
ω 781.20 9.03941 -0.0104 0.001690
ρ
′
1494.866 434.0 3.7072 0.151
ρ
′′
1884.0 311.0 1.39 0.069326
ρ
′′′
2245.86 106.83 0.70 0.00587
TABLE I: Parameters for σpipi fit.
while the broad isovectors take variation of masses and width with s into account. Adopting BaBaR-Gounaris-Sakurai
[23] convention for broad resonance parameterisation, the BW function reads
WGS = m
2 + d(m)Γ/m
M2(s)− s− imΓ(s,m,Γ) , (4.7)
M2(s) = m2
[
1 +
Γk2(s)
k3(m)
(h(s)− h(m2)) + Γh
′
(m2)
k(m)
(m2 − s)
]
, (4.8)
Γ(s,m,Γ) = Γ
m√
s
[
L2(s,mπ)
L2(m2,mπ)
]3
,
L2(s,mπ) =
√
s− 4m2π , (4.9)
where we have defined following auxiliary functions:
h(s) =
β(s)
2
ln
(√
s+ 2k(s)
2mπ
)
, (4.10)
h
′
(m2) =
2m2πh(m)
m4β(m)
+
2m2π
πm4β(m)
+
β(m)
2πm2
, (4.11)
d(m) =
4m2π
m2β3(m)
(3h(m)− 2/π) + 1
πβ(m)
, (4.12)
with the usual shorthand notation:
β(s) =
L2(s,mπ)√
s
, k(s) =
L2(s,mπ)
2
, (4.13)
used for the velocity and the two pion Lorentz invariant phase space factor.
Let us stress at this place, that all BW parameters are not universal, but process dependent, i.e. the ω meson
mass mω here differs from the one used in 3π and other cross sections. The first excitation (ρ
′
here) is very broad
and has large negative real coupling, which is quite striking and common property of other cross sections σhex.
Selected data and the resulting fit with χ2 = 0.96 is shown in figures 3 and 4. In order to see the effect of vacuum
polarization, the bare σ0 BES-III data are shown for an interesting comparison. For better visualization we do not
show experimental errors in all figures.
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FIG. 4: Selected data for σpipi and the fit at ρ peak position.
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FIG. 5: Measured σ3pi and the fit, global view.
B. pi+pi−pi0 channel
Complicated by the shape, e+e− → 3π total cross section consists from two dominant peaks of the narrow omega
and phi vector resonance. The first peak can be represented by an almost perfect BW function, while the second one
is crudely deformed as the φ meson peak turns abruptly down and makes the fitting more complicated. Happily a sum
of complexified and slightly deformed BW functions provide very good auxiliary function for making a fit out of the
data even without taking of full correct three pions phase space and without the use of any ”background function”.
However these are the data itself which does not allow to minimize χ2 with the same error function as in the previous
case and the IEF is taken slightly larger by enlarging the coefficients in Eq. (4.1) such that cL = 1nb
1/2 and cs = 1
. In this exceptional case we get minimized χ2 slightly larger then one: χ2 = 1.23 with the resulting curve and the
data shown in the Fig. 5 and in the Fig. 6 in detail. Note also here, that we get χ2 = 0.95 if we cut the data above
1.05GeV , having thus the region of ω and φ mesons under a better control.
Like in the previous case, only BW functions with masses higher then the threshold are used. We do not exploit
VMD idea of rho meson as an intermediator, wherein virtual decay ω → πρ→ 3π would require ”dressed” rho meson
9– mass/MeV width/MeV B z
ω 782.6141 8.7031 3.0885 10−5 0
L 1015.461 2.813 0.167 134.1
R 1025.487 12.301 0.121 184.35
φ 1019.704 4.067 5.0807 10−5 163.62
V1 1086.425 252.0 8.9 10
−7 124.36
V2 1219.280 569.0 2.97 10
−7 78.123
V3 1636.32 278.0 1.52 10
−6 174.62
TABLE II: Parameters of the σK+K− cross section fit as described in the text.
propagator and numerical integration over the three body phase space would be needed. This would inevitably causes
a drastic grow of the time of the minimization procedure (from days to unacceptable years). Actually, we are not
improving a given VMD model but we are looking for the smallest χ2 instead, for which purpose the use of proposed
auxiliary functions is more suited in practice.
Our simplified fit therefore reads:
σ3π(s) =
12π
s3
L3(s)
∣∣∣∣∣∣
∑
V=ω,φ
WVDV +
∑
V=1,2,3
WV
∣∣∣∣∣∣
2
,
WV = mV ΓV (s)e
iφV
m2V − s− imV ΓV (s)
√
mVBV
L3(m2V )
3
, (4.14)
where for all V the auxiliary functions now read
ΓV (s) = ΓV
mV L
3
3(s)
s1/2L33(m
2
V )
,
L3(s) =
√
s− 9m2π , (4.15)
and where the function which further deform omega meson peak reads
Dω(s) =
[
1 + c1
s−m2ω
2
+ c2
√
s−m2ω
]−1
Θ(s−m2ω) +
+
[
1 + c3
(s−m2ω)
2
+ c4
√
m2ω − s
]−1
Θ(m2ω − s) , (4.16)
with fitted constants c1 = 0.105321GeV
−2, c2 = −0.0598GeV −1, c3 = −0.254221GeV −2, c4 = 0.055406GeV −1.
Whilst the function which deforms BW shape of φ meson is chosen different from ω and reads
Dφ(s) = 1 +WL(s)Θ(m2φ − s) +WR(s)Θ(−m2φ + s) , (4.17)
where in Eq. (4.17) BW functions (4.14) are taken. Stress here, that these functions serve to deform the shape of
the left and the right shoulder of φ meson resonance and they appear in the product with φ meson BW and should
not be confused with a conventional meson. All fitted numbers are listed in Tab. (II). In the function L3 the value
mπ = 139.57018MeV is taken, ignoring the difference between charged and neutral pion mass. The cross section is
taken from
√
s = 3mπ, bellow it is zero.
In usual VMD’s the parameter B stands for the product of branch ratios Br(V → ee)Br(V → 3π). Here the
value for ω meson significantly differs from the BaBaR measurement (Br(ω → ee)Br(ω → 3π)BaBaR = 6.7 10−5)
since the fit is different as well. There are other differences, whether stemming from our different formula for the fit
is not obvious. The last resonance agrees with the meson conventionally labeled as ω
′′
(see [30]), noting also that
φ
′
observed at the same energy in other process (see the next Section) should be there as well. On the other side,
there is no good evidence for super-wide (Γ ≃ 900MeV ) SND/BaBaR established meson. This, over all overlapping
resonance, conventionally labeled ω
′
, with quoted mass ≃ 1470± 50 by SND2015, is preferably replaced by two BW
functions with much lower masses and different complex couplings. Of course, recalling the meaning and purpose of
our fit, which uses complex phases and avoids a use of correct 3-body phase space, does not allow to make a strong
statement about the vector meson content of σ3π cross section.
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FIG. 6: Selected data for σ3pi and the fit, view on the peaks.
C. Process e+e− → K+K−
Very important for us, since the most dominant exclusive process at φ meson peak energy, has been measured not
only on the peak, but thanks to the ISR method also fairly above: up to the total energy E = 8GeV . Fine selected
data are chosen from several last measurements, e.g. the most precise data [32] are fully taken into account, we have
also used selection survived (off peak) data as obtained by SND [33, 34], and from the energy 1350 MeV till 5 GeV
we exploit the BaBaR data [35, 36], providing total Nd.o.f = 142 for K
+K− cross section. Remind two important
notes here for completeness. Firstly, the J/Ψ and Ψ′ peaks were subtracted by BaBaR collaboration and we add them
separately. Secondly, keeping a certain amount of threshold BaBaR data is possible, in a way one still keeps χ2 < 1
without changing fit. Here we simply preferred to keep χ2 lower, with Nd.o.f. smaller for future purposes. Fit for the
charged K meson pair production cross section reads
σK+K−(s) = |A|2s−5/2fc
[
L2(s,mK)
L2(m2φ,mK)
]3
(4.18)
with the function fc in used is defined as
fc =
1 + απ(1 + v(s)2)/2v(s)
1 + απ(1 + v(m2φ)
2)/2v(m2φ)
,
v(s) = L2(s,mK)/
√
s , (4.19)
where mK is the mass of charged Kaon, L2 is defined earlier in (4.9), and the amplitude is given by the sum of BW
functions:
A =
∑
V
eizVWV (s) =
∑
V
eizV
√
cmV BV ΓV
m2V − s− iΓV
√
s
, (4.20)
where c = 4.5465 10−5, and where all BW functions are common for narrow as well as for wide resonances.
The sum in (4.20) runs over the BW functions, noting that the four of lowest five can be identified with usual i.e.
more or less established radial excitation of the φ and ω . Their names are quoted in bracket in the first column of
the Tab. III. The one unlabeled there has a small coupling to the leptons and do not need to be necessarily related
with conventional meson, however it helps to accommodate the shape of fit to the cross section data. Up to the
ground state meson, we are not strongly pointing a given BW structure with a given meson name, since due to
the interference effect the parameters are strongly correlated. In general, it is hard to label overlapping resonances,
noting trivially that the observed pattern above φ meson arises from the admixture of the light flavor quark-antiquark
components, however what is flavor content of a single broad BW peak is not obvious, at least when comparing to
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label(content) mass/MeV width/MeV B z
φ 1019.2469 4.1358 0.5377 0
V1(ω
′
) 1337.1 372.83 0.00890 180.71
V2(φ
′
ω
′′
) 1624.8 307.406 0.0061 222.53
- 1813.033 80.01 0.0003535 92.6
V3(φ
′′
) 1892.36 262.0 0.00252 104.91
V4 2178 157.7 0.000175 100.2
V5 2510 160.1 0.0000364 134.2
TABLE III: Numbers for charged kaons channel
electrically neutral ground state vectors: φ, ω and ρ mesons. Selected data and the fit with χ2 = 0.56 (obtained with
IEF) are illustrated at Fig. 7.
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FIG. 7: Selected data for σK+K− and the fit, φ peak view.
V. NEUTRAL KAONS CHANNEL e+e− → K0SK
0
L
To fit the process σ(e+e− → K0SK0L) we have used the data collected by Novosibirsk SND,CMD-2 collaborations
and very newly by CMD-3 group [37–39] as well as the BaBaR data [40] were exploited above φ meson peak. For
this purpose the similar formula as for the process e+e− −− > K+K− is used, however in addition to that, we have
introduced the deformation function into the cross section (i.e. there is a change |A|2 → d(s)|A|2), where the function
d is represented by the following step functions
d(s) =
[
1 +
d1(s−m2φ)
2
+ d2
√
s−m2φ
]−1
Θ(s−m2φ)
+
[
1− d3(s−m
2
φ)
2
− d4
√
m2φ − s
]−1
Θ(m2φ − s) (5.1)
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FIG. 8: Measured σKLKS and the fit around the peak position.
mass/MeV width/MeV B z
φ 1019.3886 4.2612 0.4235 10−6 –
V1 1670.320 198.0 0.24975 10
−6 177.5
V2 2066.985 248.5 0.3072 10
−6 147.8
TABLE IV: Numbers for neutral kaons channel
and four fitted numbers within four(five) digit accuracy read: d1 = 1.3204GeV
−2, d2 = 0.8615GeV
−1, d3 =
12.371GeV −2, d4 = 1.291GeV
−1.
The amplitude is made out solely from BW functions, wherein we have found that three vector mesons are enough.
However, due to the flatness of the cross section, it is advantageous to distinguish the narrow φ meson and wide
resonances. The appropriate BW functions read:
Wφ(s) =
m3φ
√
12πΓφBφ/mφ
m2φ − s− iΓφ smφ
,
WV (s) = eizV mV Γ(s,mV )
√
BVmV /L3(m2V ,mπ)
m2 − s− imV Γ(s,mV ) ,
Γ(s,mV ) =
mV ΓV√
s
[
L3(s,mπ)
L3(m2V ,mπ)
]3
, (5.2)
where we have used L3 function for the running width for resonances V1 ≃ φ, and V2 ≃ φ,,. Relevant numbers are
listed in the Tab. IV :
To get the fit the data with Nd.o.f = 93 has been used. The results are sketched in figures 8 and 9.
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FIG. 9: Measured σKLKS and the fit, global view.
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FIG. 10: Measured σηγ and its fit.
VI. ηγ AND piγ MODES
The fit of the cross section of the process e+e− → π0γ is based on simple admixture of ρ and ω BW functions with
constant parameters. It reads
σπγ(s) = K(1−m2π/s)3/2
[
m4ω
(m2ω − s)2 + Γ2ωm2ω
+ 2.1
m4ρ
(m2ρ − s)2 + Γ2ρm2ρ
]
(6.1)
with K = 64/(3m2π)10
−9 and the remaining parameters are mω = 782.5MeV,Γω = 8.63MeV ;mρ = 775.02MeV,Γρ =
149.59MeV . We neglect the interference term in this case. The resulting fit is shown in the Fig. 11 where also the fit
with only ω meson is shown for interesting comparison (numbers not shown). The better fit, the one with inclusion
of ρ meson, is used for the calculation of hadronic Πh.
For the cross section σηγ we have used the data with Nd.o.f = 59 measured by CMD-2/SND detectors and published
in the period 2001-2014 [41–43], where also the data for σπγ has been obtained.
The parameterization of the cross section was chosen such that
ση,γ(s) =
1
s
[Wω(s,mω) + eizφWφ(s,mφ)D(s)]2 , (6.2)
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where the choice (4.20) for BW was made. Only ω and φ mesons are considered and heavier mesons are ignored as
the cross section for η, γ production is fairly small [43] at higher energies. The deformation is considered for the φ
meson case, while the phase space factor is effectively absorbed into the fit.
The fitted values of BW parameters are mω = 785.9MeV,Γω = 9.06MeV ;mφ = 1019.415MeV,Γρ = 4.0306MeV
and the deformation function is chosen as
D(s) =
[
1 +
24.49GeV −2(s−m2)
2
+ 0.1326GeV −1
√
s−m2φ
]−1
Θ(s−m2φ) +
+
[
1 +
−4.62GeV −2(s−m2)
2
− 3.0GeV −1
√
m2φ − s
]−1
Θ(m2φ − s) . (6.3)
The phase was fitted such that zφ = 20.65
o. The fitted function and the data are shown in the Fig. 10.
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FIG. 11: Measured σpiγ and two fits as described in the text are shown.
VII. CONCLUSION
Recent knowledge of σh allows theoretical determination of σµµ with the error comparable to one standard deviation
σstat = 0.01nb of 2004 KLOE σµµ measurement. The error of theory thus becomes 10 times smaller then the total
experimental error of 2004 published KLOE measurement. There are good theoretical reasons for a minimization of
systematical error in σµµ experiments. With improved knowledge of detector system and luminosity identification
one can expect the systematical error will be lowered in future. The result presented in this paper represents a precise
prediction for a future experiments. Lowering the systematical error would be not only experimental challenge for a
modern experimental facilities like CMD3 but also for the Standard Theory.
Albeit, the experiment is on the move now, there are also many ways to improve the Theoretical prediction. First
of all, the statistical error (which is already quite small) can be further reduced. In this respect, the error of the
theory can be shrink after a new and more precise data will be included (e.g. 3π channel is one of the main source of
the error). The effect of two photon exchanges should be discussed as well as channels with higher multiplicities can
be considered. In principle, they can be more important for similar studies concerning also higher energies of Jψ and
Υ mesons.
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